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Abstract
A partial directed 2k-bicycle system of order (s; t) can always be embedded in a directed
2k-bicycle system of order (ks; kt). c© 2002 Elsevier Science B.V. All rights reserved.
1. Introduction
A 2k-bicycle is a 2k-cycle of a bipartite graph. A 2k-bicycle system of order (m; n) is
a triple (X; Y; C), where C is a collection of edge disjoint 2k-bicycles which partitions
the edge set of the complete bipartite graph Km;n with parts X and Y . The following
well-known theorem is due to Sotteau [2].
Theorem 1.1 (Sotteau [2]). A 2k-bicycle system of order (m; n) exists if and only if
(i) m and n are even; (ii) m¿ k; m¿ k; and (iii) 2k |mn.
A partial 2k-bicycle system of order (s; t) is a triple (S; T; P), where P is a collection
of edge disjoint 2k-bicycles of the edge set of Ks; t with parts S and T . There are no
cardinality restrictions on a partial 2k-bicycle system and, of course, in a partial bicycle
system the 2k-bicycles belonging to P do not necessarily partition the edge set of Ks; t .
It is trivial to construct partial 2k-bicycle systems (S; T; P) which cannot be com-
pleted; i.e., E(Ks; t)\E(P) cannot be partitioned into 2k-bicycles. Hence the problem of
embedding partial 2k-bicycle systems into (complete) 2k-bicycle systems. The partial
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2k-bicycle system (S; T; P) of order (s; t) is said to be embedded in the 2k-bicycle
system (X; Y; C) of order (m; n) provided that S ⊆ X; T ⊆ Y , and P ⊆ C. Naturally
if an embedding is possible we would like m and n to be as small as possible. In [1]
Lindner and Rosa proved the following theorem.
Theorem 1.2 (Lindner and Rosa [1]). A partial 2k-bicycle system of order (s; t) can
always be embedded in a 2k-bicycle system of order (i) (ks; kt) if k is even; and of
order (ii) (km; kn) if k is odd; where m and n are positive integers such that m¿ s
and n¿ t and a 2k-bicycle system of order (m; n) exists.
The object of this paper is a sharper version of Theorem 1.2 for directed 2k-bicycle
systems. In particular we prove that a partial directed 2k-bicycle system of order (s; t)
can always be embedded in a directed 2k-bicycle system of order (ks; kt). The result
is sharper is the sense that the same bound is obtained regardless of whether or not k
is odd (unlike the case for undirected 2k-bicycle systems).
2. Preliminaries
We begin with some deBnitions. We will denote the directed edge from x to y
by (x; y). A directed 2k-cycle is a cycle consisting of the 2k-directed edges (x1; x2);
(x2; x3), (x3; x4); : : : ; (x2k−1; x2k); (x2k ; x1), which we will denote by any cyclic shift of
(x1; x2; x3; : : : ; x2k). A 2k-dicycle is a directed 2k-cycle of a directed bipartite
graph.
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A 2k-dicycle system of order (m; n) is a triple (X; Y; D), where D is a collection of
edge disjoint 2k-dicycles which partitions the edge set of the complete directed bipartite
graph Dm;n with parts X and Y . The obvious necessary conditions for a 2k-dicycle
system to exist are (i) m¿ k, n¿ k, and (iii) k|mn. Sotteau has shown that these
necessary conditions are in fact suDcient.
Theorem 2.1 (Sotteau [2]). A 2k-dicycle system of order (m; n) exists if and only if
(i) m¿ k; n¿ k; and (ii) k |mn.
If we remove the quantiBcation ‘partitions’ in the above deBnition we have the
deBnition of a partial 2k-dicycle system of order (m; n).
Example 2.2 (Partial 4-dicycle system (S; T; P) or order (3; 3)).
Trivially, the partial 4-dicycle system in Example 2.2 cannot be completed to a
4-dicycle system (= the unusued edges cannot be partitioned into 4-dicycles) and so
the question of whether or not it can be embedded is immediate. That is, does there exist
a (complete) 4-dicycle system (X; Y; C) such that S ⊆X; T ⊆Y , and (most importantly)
P ⊆ C?
Inspection shows that the partial 4-dicycle system of order (3; 3) in Example 2.2 is
embedded in the 4-dicycle system of order (3; 4) in Example 2.3.
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Example 2.3 (4-dicycle (X; Y; C) of order (3; 4) with (S; T; P) embedded in it).
Whether or not an arbitrary partial 2k-dicycle system can always be embedded in
a 2k-dicycle system is an open problem. The object of this paper is the proof that
a partial 2k-dicycle system of order (m; n) can always be embedded be a 2k-dicycle
system of order (ks; kt) for all (s; t), where s¿m and t¿ n.
3. Mutually balanced systems
Two (partial) 2k-dicycle systems (X; Y; P1) and (X; Y; P2) are said to be mutu-
ally balanced provided the dicycles belonging to P1 and P2 cover exactly the same
edges.
Example 3.1 (Mutually balanced collections of 6-dicycles of D9;9). Let D9;9 have
parts {a1; a3; a5} × {1; 2; 3} and {a2; a4; a6} × {2; 4; 6}. Then the following two col-
lections of 6-dicycles P1 and P2 are mutually balanced.
P1 = { ((a1; 1); (a2; 2); (a1; 3); (a2; 4); (a1; 5); (a2; 6));
((a2; 2); (a3; 1); (a2; 4); (a3; 3); (a2; 6); (a3; 5));
((a3; 1); (a4; 2); (a3; 3); (a4; 4); (a3; 5); (a4; 6));
((a4; 2); (a5; 1); (a4; 4); (a5; 3); (a4; 6); (a5; 5));
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((a5; 1); (a6; 2); (a5; 3); (a6; 4); (a5; 5); (a6; 6));
((a6; 2); (a1; 1); (a6; 4); (a1; 3); (a6; 6); (a1; 5))};
and
P2 = { ((a1; 1); (a2; 2); (a3; 1); (a4; 2); (a5; 1); (a6; 2));
((a1; 3); (a2; 4); (a3; 3); (a4; 4); (a5; 3); (a6; 4));
((a1; 5); (a2; 6); (a3; 5); (a4; 6); (a5; 5); (a6; 6));
((a2; 2); (a1; 3); (a6; 6); (a5; 1); (a4; 4); (a3; 5));
((a4; 2); (a3; 3); (a2; 6); (a1; 1); (a6; 4); (a5; 5));
((a6; 2); (a5; 3); (a4; 6); (a3; 1); (a2; 4); (a1; 5))}:
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The following mutually balanced collections of 2k-dicycles of Dk2 ; k2 are crucial for
the embedding results which follow.
The mutually balanced construction: Let Dk2 ; k2 have parts {a1; a3; a5; : : : ; a2k−1} ×
{1; 3; 5; 7; : : : ; 2k − 1} and {a2; a4; a6; : : : ; a2k} × {2; 4; 6; 8; : : : ; 2k}.
k even: Let a; b; c, and d be the 2k-dicycles deBned by
a = (a1; a2; a3; : : : ; a2k);
b= (a2; a1; a2k ; a2k−1; : : : ; a4; a3);
c = (1; 2; 3; 4; : : : ; 2k); and
d = (2k; 2k − 1; : : : ; 4; 3; 2; 1):
Then the two collections of 2k 2k-dicycles. E1 and E2 given below are mutually
balanced:
E1: (i) For each edge (ai; aj)∈ a; i odd, place the 2k-dicycle ((ai; 1); (aj; 2); (ai; 3);
(aj; 4); : : : ; (ai; 2k− 1); (aj; 2k)) (second coordinates are the cycle c) in E1, and (ii) for
each (ai; aj)∈ a; i even, place the 2k-dicycle ((ai; 2); (aj; 1); (ai; 2k); (aj; 2k − 1); : : : ;
(ai; 4); (aj; 3)) (second coordinates are the cycle d) in E1.
E2: (i) For each edge (i; j)∈ c; i odd, place the 2k-dicycle ((a1; i); (a2; j); (a3; i);
(a4; j); : : : ; (a2k−1; i); (a2k ; j)) (Brst coordinates are the cycle a) in E2, and (ii) for each
edge (i; j)∈ c; i even, place the 2k-dicycle ((a2; i); (a1; j); (a2k ; i); (a2k−1; j); : : : ; (a4; i);
(a3; j)) (Brst coordinates are the cycle b) in E2.
k odd: Let a; b; c; d and e be 2k-dicycles deBned by
a = (a1; a2; a3; : : : ; a2k);
b= (a2; a1; a2k ; a2k−1; : : : ; a4; a3);
c = (1; 2; 3; 4; : : : ; 2k);
d = (2; 1; 4; 3; 6; 5; : : : ; 2k; 2k − 1); and
e = (2; 3; 6; 7; 10; 11; : : : ; 2k; 1; 4; 5; : : : ; 2k − 2; 2k − 1):
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The two collections of 2k 2k-dicycles P1 and P2 given below are mutually balanced.
P1: (i) For each (ai; aj)∈ a, i odd, place the 2k-dicycle ((ai; 1); (aj; 2); (ai; 3);
(aj; 4); : : : ; (ai; 2k− 1); (aj; 2k)) (second coordinates are the cycle c) in P1, and (ii) for
each (ai; aj)∈ a, i even, place the 2k-dicycle ((ai; 2); (aj; 1); (ai; 4); (aj; 3); (ai; 6); (aj; 5);
: : : ; (ai; 2k); (aj; 2k − 1)) (second coordinates are the cycle d) in P1.
P2: (i) For each edge (i; j)∈ c, i odd, place the 2k-dicycle ((a1; i); (a2; j); (a3; i);
(a4; j); : : : ; (a2k−1; i); (a2k ; j)) (Brst coordinates are the cycle a) in P2, and (ii) for each
edge (ai; ai−1)∈ b; i even, place the 2k-dicycle ((ai; 2); (ai−1; 3); (ai−2; 6); (ai−3; 7); : : : ;
(ai+2; 2k−2); (ai+1; 2k−1)) (Brst coordinates are b and the second coordinates are the
cycle e) in P2.
A careful reading shows that Example 3.1 was constructed using the mutually bal-
anced construction with k = 3 (odd).
4. Embedding partial 2k-dicycle system
We will need the following lemma for the embedding results in this section.
Lemma 4.1. If k is even; there exists a 2k-dicycle system of order (k; k) containing
the cycles (1; 2; 3; : : : ; 2k) and (2; 1; 2k; 2k − 1; : : : ; 4; 3). If k is odd; there exists a
2k-dicycle system of order (k; k) containing the two dicycles c = (1; 2; 3; : : : ; 2k) and
d = (2; 1; 4; 3; 6; 5; : : : ; 2k; 2k − 1).
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Proof. If k is even Sotteau’s Theorem 1.1 guarantees a 2k-bicycle system (X; Y; C) of
order (k; k). Denote by {a1; a2; a3; : : : ; a2k} the cycle belonging to C consisting of the
edges {a1; a2}; {a2; a3}, {a3; a4}; : : : ; {a2k−1; a2k}. If we ‘blow up’ each edge {ai; aj} to
the two directed edges (ai; aj) and (aj; ai), and replace each cycle {a1; a2; a3; : : : ; a2k}
with the two dicycles (a1; a2; a3; : : : ; a2k) and (a2; a1; a2k ; a2k−1; : : : ; a4; a3), the result is
a 2k-dicycle system. We can assume that the cycle {1; 2; 3; : : : ; 2k}∈C.
If k is odd, we begin by constructing a partial 2k-bicycle system (X × {1}; Y ×
{2}; P) of order (k; k) as follows: Let (X; K) be a Hamilton decomposition of Kk (the
complete undirected graph on k vertices). For each k-cycle {a1; a2; a3; : : : ; ak}∈K place
the 2k-bicycle {(a1; 1); (a2; 2); (a3; 1); (a4; 2); : : : ; (ak ; 1); (a1; 2); (a2; 1); : : : ; (ak ; 2)} in P.
The ‘leave’ of this partial 2k-bicycle system (X × {1}; X × {2}; P) consists of
the k edges {(x; 1); (x; 2)}, for all x∈X . By renaming one of the cycles we can as-
sume that X = {1; 3; 5; : : : ; 2k − 1}, Y = {2; 4; 6; : : : ; 2k}, and that P contains the cycle
{1; 4; 5; 8; 9; : : : ; 2k − 2; 2k − 1; 2; 3; 6; 7; : : : ; 2k − 3; 2k; 1}, and the leave is {1; 2}; {3; 4};
{5; 6}; : : : ; {2k − 1; 2k}.
Taking the union of this cycle and the leave gives the following graph.
If we replace each edge {x; y} in this graph with the two directed edges (x; y)
and (y; x) it is immediate that the resulting directed graph can be decomposed into the
three dicycles, two of which are c and d. Now replace each of the remaining undirected
cycles in P with two dicycles to obtain the 2k-dicycle system in the statement of the
lemma.
Combining the even and odd cases completes the proof.
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Theorem 4.2. A partial 2k-dicycle system of order (m; n) can always be embedded in
a 2k-dicycle system of order (km; kn).
Proof. Let (X; Y; P) be a partial 2k-dicycle system of order (m; n). We break the proof
into two parts depending on whether k is even or odd.
k even: Let K1 = {1; 3; 5; 7; : : : ; 2k − 1} and K2 = {2; 4; 6; : : : ; 2k} and let (K1; K2; C)
be a 2k-dicycle system of order (k; k). By Lemma 4.1 we can assume the dicycles
(1; 2; 3; : : : ; 2k) and (2; 1; 2k; 2k − 1; : : : ; 4; 3) belong to C. DeBne a collection D of
2k-dicycles of Kkm;kn with parts X×K1 and Y×K2 as follows: For each 2k-dicycle
(1; x2; x2; : : : ; x2k)∈C and each x∈X and y∈Y , place the 2k-dicycle ((x; 1); (y; x2);
(x; x3); (y; x4); : : : ; (y; x2k)) in D. It is straightforward to see that (X ×K1; Y ×K2; D) is
a 2k-dicycle system of order (km; kn). For each 2k-dicycle a = (a1; a2; a3; : : : ; a2k)∈P
denote by D1(a) and D2(a) the collections E1 and E2 of dicycles constructed in
the mutually balanced construction. Then D1(a) ⊆ D. Since D1(a) and D2(a) are
mutually balanced (X × K1; Y × K2; (D \D1(a)) ∪ D2(a)) is a 2k-dicycle system.
Since the 2k-dicycles belonging to P are edge disjoint, if g 
= h∈P, then D1(g) and





a∈P D2(a))) is a 2k-dicycle system of order (km; kn). If we identify X with X ×{1}
and Y with Y×{2}, D∗ contains the dicycle ((a1; 1); (a2; 2); (a3; 1); (a4; 2); : : : ; (a2k−1; 1);
(a2k ; 2)) if and only if (a1; a2; : : : ; a2k)∈P. The same is true, of course, if we identify
X and Y with X × {i} and Y × {i + 1}, and so D∗ contains k disjoint copies of the
partial 2k-dicycle system (X; Y; P).
k odd: We proceed as in the even case, but using a 2k-dicycle system (K1; K2; C)
containing the dicycles c and d in Lemma 4.1. Now construct (X × K2; Y × K2; D)
exactly as in the even case. For each a = (a1; a2; : : : ; a2k)∈P denote by D1(a) and
D2(a) the collection P1 and P2 of dicycles constructed in the mutually balanced con-
struction. Then D1(a) ⊆ D and the remainder of the proof is identical to the even
case.
Combining the even and odd cases completes the proof.
Corollary 4.3. A partial 2k-dicycle system of order (m; n) can always be embedded
in a 2k-dicycle system of order (ks; kt) for every S¿m and every t¿ n.
Proof. Let S and T be sets such that X ⊆ S and Y ⊆ T . The proof is identical to the
proof of Theorem 4.2.
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